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We compute the Tan’s contact of a weakly interacting Bose gas at zero temperature in a cigar-
shaped configuration. Using an effective one-dimensional Gross-Pitaevskii equation and Bogoliubov
theory, we derive an analytical formula that interpolates between the three-dimensional and the
one-dimensional mean-field regimes. In the strictly one-dimensional limit, we compare our results
with Lieb-Liniger theory. Our study can be a guide for actual experiments interested in the study
of Tan’s contact in the dimensional crossover.
I. INTRODUCTION
Ultracold atomic gases are a perfect playground to
study quantum systems from the non-interacting regime
to the strongly interacting one, in one, two, and three
dimensions. Both interactions and dimensionality drive
correlations in the systems, and, thus, play a crucial
role in the off-diagonal elements of the one-body den-
sity matrix or, equivalently, in its Fourier transform,
namely the momentum distribution. In particular, for
δ-interacting systems, Tan’s contact C, which determines
the asymptotic behavior of the momentum distribution
C = limk→∞ n(k)k4, embeds information on the interac-
tion energy, the density-density correlation function [1–
3], and for fermionic and/or bosonic mixtures it is uni-
vocally related to the symmetry, and thus the magneti-
zation, of the system [4, 5]. Moreover, in the case of a
three-dimensional (3D) dilute Bose gas, the measurement
of the contact has been exploited to access the quantum
depletion [6].
In actual experiments, quantum gases are confined by
trapping potentials that may reduce the low energy dy-
namics to one dimension under suitable conditions. The
dimensional crossover can be realized by introducing in
a 3D system two counterpropagating laser-beams creat-
ing, by interference, one-dimensional (1D) light wires.
The geometrical variation can be driven just by tuning
the laser-beams intensity. However, two-body collisions
conserve a 3D nature at small distance and the connec-
tion between 3D and 1D predictions must be analyzed
with great care. In the quasi-1D regime, namely when
essentially one transverse mode is populated, it has been
shown for two-component fermions that the 1D contact
is related to the 3D contact by a simple geometric factor
depending on the radial confinement [7, 8]. Another fun-
damental question about the dependence of Tan’s contact
on dimensionality can be formulated this way: What is
the behavior of the contact when going from the quasi-
1D regime to the 3D regime, that is, when the transverse
excited states are more and more populated?
In this paper we study the behavior of the 1D Tan’s
contact in a dilute gas of bosons in the 3D-1D crossover
at zero temperature. We provide an analytical expres-
sion that describes the full crossover from the 3D gas to
the quasi-1D regime, and show that it displays clearly
distinct behaviors in these two cases. As in the quasi-1D
case, we show that in the 3D case the 1D and 3D contacts
are also related by a geometrical factor. When transverse
fluctuations are negligible, we compare our results with
strictly 1D results provided by Lieb-Liniger theory.
The paper is organized as follows. In Section II we
present the model used to describe the weakly interacting
gas of bosons at zero temperature and its conditions of
validity. We derive a first formula for Tan’s contact in
the absence of a longitudinal trap. Then, we use the
Local Density Approximation (LDA) in order to obtain
Tan’s contact in the experimentally relevant situation of
a cigar-shaped trapped gas in Section III. Finally, we
summarize our results and conclude in Section IV.
II. MODEL AND QUANTITIES OF INTEREST
The considered system is a weakly interacting Bose
gas confined in a cylindrically symmetric 3D harmonic
potential at zero temperature. In this regime, interac-
tions are accurately described by a contact potential of
the form V (~r1 − ~r2) = gδ(~r1 − ~r2) 1 which is character-
ized by a single parameter, namely the s-wave scatter-
ing length a, through g = 4pi~2a/m [11]. At very low
densities (na3  1 with n being the three-dimensional
atomic density) and for moderate anisotropies of the
trapping potential, the ground state of the system is a
Bose-Einstein condensate (BEC) that obeys the so-called
Gross-Pitaevskii equation [11]. In free space, this ground
state is simply the homogeneous solution which has for
momentum distribution nδ(~k). However, when quantum
fluctuations are taken into account, Bogoliubov theory
shows that the condensate is depleted due to interac-
tions and that the tail of the momentum distribution
behaves as C/k4 [6, 11]. As the transverse confinement is
increased compared to the longitudinal one, the system
dynamics is more and more reduced to a single spatial
1 Note that this expression for the potential is valid in the Gross-
Pitaevskii approach, but the correct formulation for the two-
body problem is given by the pseudopotential V (~r)Φ(~r) =
gδ(~r)
∂
∂r
(rΦ(~r)) [9, 10].
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2dimension. In the extreme situation where only one sin-
gle transverse mode is populated, the quantum gas is
described by the Lieb-Liniger 1D model [12] with an in-
teraction parameter γ = −2/(a1Dn1) where n1 is the
longitudinal atomic density and a1D the effective scat-
tering length whose precise expression is given later [13].
Again, this model predicts that the tail of the momentum
distribution behaves as 1/k4 for large momenta ~k. In
the following section, we show that the gap between these
two regimes in a cigar-shaped geometry can be filled by
an effective theory. Our approach, which is valid for weak
interactions, can be complemented by already known re-
sults from Lieb-Liniger theory.
A. Effective one-dimensional Gross-Pitaevskii
equation for a weakly interacting Bose gas
In practice, the Bose gas is confined in a 3D harmonic
trap of the form U(~r) = 12mω
2
⊥~r
2
⊥ +
1
2mω
2
zz
2 where ~r⊥
and z stand for the radial and longitudinal coordinates of
an atom. In the limit of a highly anisotropic trap, namely
when ω⊥  ωz, the transverse confinement is such that
an effective 1D dynamics can be reached. The system
is thus accurately described by a 1D order parameter
ψ(z, t), depending on a single spatial coordinate z along
the axial direction of the trap, which obeys the following
Gross-Pitaevskii equation [14–16]
i~
∂ψ(z, t)
∂t
=
[
− ~
2
2m
∂2
∂z2
+ U(z) + (n1)
]
ψ(z, t). (1)
Here n1(z, t) = |ψ(z, t)|2, U(z) is an external potential
that will be taken to be either zero or harmonic U(z) =
1
2mωzz
2 and the non-linear term (n) describes effective
interactions in 1D along the crossover from 3D to 1D.
Although its exact analytical expression is not known, a
very accurate approximation is given by [15, 17]
(n1) = ~ω⊥
√
1 + 4an1. (2)
This equation interpolates between two well known
regimes. For low densities (an1  1), (n1) ' ~ω⊥ +
2~ω⊥an1, the standard one-dimensional Gross-Pitaevskii
equation is recovered. In this case the transverse wave
function is simply the ground state of the harmonic os-
cillator. In the opposite limit (an1  1), (n1) '
2~ω⊥
√
an1 and many transverse modes are occupied.
These cases are respectively the so-called 1D Mean-Field
(MF) and Transverse Thomas-Fermi (TTF) regimes.
Later, we will recall some standard solutions of this equa-
tion in order to compute the Tan’s contact in experimen-
tally relevant situations.
B. Bogoliubov approach for Tan’s contact
We now turn to the calculation of Tan’s contact from
the tails of the momentum distribution. While very ac-
curate for describing the classical dynamics of a quasi-
1D BEC, Eq. (1) does not describe correlations between
particles which are essential for the existence of an alge-
braic tail in the momentum distribution. Being a mean
field equation, it has to be complemented with quantum
fluctuations which we treat at the Bogoliubov level in
the spirit of [15]. Note however that we do not need
to take into account phase fluctuations, although in 1D
they destroy long-range order even at zero temperature.
Indeed, they mainly affect the far off-diagonal part of
the one-body-density matrix [11], or, equivalently, the
low-momentum behavior which is not our interest in this
study.
The Bogoliubov approach [11] includes small quantum
fluctuations δψˆ to the condensate wave function ψ(z) (the
ground state of the stationary version of (1)). A simple
way to obtain their equations of motion is to linearize
(1) around ψ and use canonical quantization rules for δψˆ
and δψˆ†. In free space, these fluctuations are expanded
on the basis of free particle operators ak and a
†
k which
respectively destroy and create a particle with momen-
tum ~k. Finally these equations are solved by introduc-
ing the quasi-particle operators bk = ukak + v−ka
†
−k,
with bosonic commutation relations [bk, bq] = 0 and
[bk, b
†
q] = δkq. The coherence functions uk and vk then
obey the following Bogoliubov-de Gennes equations
~ω
(
uk
vk
)
=
(
~2k2
2m +mc
2 mc2
−mc2 −~2k22m −mc2
)(
uk
vk
)
(3)
where c is the effective sound velocity given by [18, 19]
mc2 = n1
∂
∂n
∣∣∣∣
n1
. (4)
Solving these equations, complemented with u2k − v2k =
1 which comes from bosonic commutation relations,
yields the so-called Bogoliubov spectrum ~ω(k) =√
~2k2c2 + (~2k2/2m)2 [20]. The distribution of parti-
cles with momentum k 6= 0 is defined as
n(k) = 〈a†kak〉 = (u2k + v2k)〈b†kbk〉+ v2k, (5)
with 〈b†kbk〉 assumed to be Bose-Einstein distributed. At
zero temperature, the ground state of the system is the
vacuum of quasi-particles and n(k) = v2k which corre-
sponds to the quantum depletion of the condensate due
to interactions. Solving Eq. (3) yields
n(k) =
~2k2/2m+mc2
2~ω(k)
− 1
2
, (6)
Taking the large k limit, one obtains the high-momentum
behavior of the momentum distribution
Ccig = lim
k→∞
n(k)k4, (7)
3where Ccig is the homogeneous contact density in the
cigar-shaped geometry, given by
Ccig = 4
a4⊥
a2n21
1 + 4an1
, (8)
where a⊥ =
√
~/mω⊥ is the radial harmonic oscillator
length. In the TTF regime, an1  1, one gets
CTTFcig =
an1
a4⊥
, (9)
and in the low density regime, an1  1,
CMFcig =
4a2n21
a4⊥
. (10)
Along the crossover, we observe a transition from linear
to quadratic behavior for the contact density with respect
to the 1D atomic density n1.
However, one has to be careful to the fact that the
mean field approach can no longer describe the system
when the quantum correlations are too important, i.e
when the density is too low (typically, when a2⊥n1/a - 1
[21]). In this case, the physics is described by Lieb-
Liniger theory [22]. Nevertheless, there is an interme-
diate regime described by both theories, allowing us to
test our formula (8).
C. Comparison with Lieb-Liniger theory
In a strictly 1D situation, the Bose gas is accurately
described by the Lieb-Liniger equations [22]. This model
is exactly solvable with the Bethe ansatz and allows us
to obtain analytical expressions for the contact for both
strong and weak values of the interaction parameter. In
the following we recall these results and compare them
with our prediction in the MF regime for weak interac-
tions.
Tan’s adiabatic sweep theorem in 1D allows us to ex-
press the 1D contact density C1D as a function of the
adimensional ground state energy via [13, 23, 24]
C1D = 4n
2
1
a21D
e′(γ), (11)
where γ = − 2a1Dn1 is the adimensional coupling strength
and
a1D ' a
2
⊥
a
(
1− 1.03 a
a⊥
)
(12)
is the 1D scattering length [25]. Expressions for e(γ) in
the strong (γ  1) and weak (γ  1) coupling regimes
are provided by Lieb-Liniger (LL) theory [22]. The weak
coupling regime a1Dn1  1 can be compared with the
MF regime in Eq. (10), corresponding to an1  1. Note
that we can consider simultaneously these two limits only
if a⊥  a (it is sufficient to have a⊥ > 10a [21]). In this
case, a1D ' a2⊥/a and e(γ) ' γ, which yields
CLL1D =
a1Dn11
4a2n21
a4⊥
=
an11
CMFcig . (13)
Thus, our results for the contact obtained from Bogoli-
ubov and Gross-Pitaevskii theory are compatible with
Lieb-Liniger theory. This is indeed expected since the
Lieb-Liniger model is well approximated by the one-
dimensional mean field Gross-Pitaevskii equation for
weak interactions ((a/a⊥)2  an1  1) [12].
For completeness we now discuss the opposite Strongly
Interacting (SI) regime, which is out of the scope of the
effective 1D Gross-Pitaevskii equation. If a1Dn1 - 1,
one enters the strongly correlated regime, where many
excited states are populated and one can no longer apply
the Bogoliubov approach. Instead, Lieb-Liniger strong
coupling expansion e(γ) ' pi23
(
1− 4γ + 12γ2
)
allows us to
obtain the following contact density:
CLL1D =
a1Dn11
4pi2n41
(
1
3
+ 3a1Dn1
)
=
a⊥a
4pi2n41
(
1
3
+
3a2⊥n1
a
)
.
(14)
In the intermediate interaction regime, the Tan’s con-
tact can be obtained by numerically solving the Bethe
ansatz equations for the ground state energy e(γ). Ac-
tually, e(γ) beeing computed, it is also possible to take
into account the effect of the transverse confinement by
mean of a variational ansatz for theN -body wavefunction
(where N is the number of bosons) of the form [26, 27]:
Φ(~r1, . . . , ~rN ) = Ψ(z1, . . . , zN )
N∏
i=1
exp
(
−x2i+y2i2σ2
)
√
piσ
, (15)
where σ is associated with the transverse width of the
system in units of a⊥. This ansatz leads to the following
expression for the total energy per unit length
E = ~
2
2m
n31e
(
2a
a2⊥n1σ2
)
+
~ω⊥
2
n1
(
1
σ2
+ σ2
)
, (16)
which, when minimized with repect to σ, yields the fol-
lowing implicit equation:
σ4 = 1 + 2an1e
′
(
2a
a2⊥n1σ2
)
. (17)
Equations (15)-(17) describe the Generalized Lieb Lin-
iger (GLL) approach [26, 27]. Once Eqs. (15)-(17)
are solved self-consistently, one can obtain the contact
density Ccig using Eqs. (16) and (6) and the formula
c =
√
(n1/m)(∂2E/∂n21) [18, 19]. The contacts obtained
with this numerical method and with our analytical for-
mula (8) are plotted as functions of the lineic density n1
in Fig. 1. We observe that the curves match, our method
having the advantage of leading to a simple analytical
formula.
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FIG. 1. (Color online.) Contact density Ccig in units of a−4⊥ as
a function of a⊥n1, with a/a⊥ = 0.025. The dashed red line
corresponds to our analytic formula Eq. (8), the solid black
line was numerically obtained from the GLL method. The
vertical gray line represents an1 = 1 and corresponds to the
transition from the MF to the TTF regime.
III. TAN’S CONTACT IN A CIGAR-SHAPED
DILUTE BOSE GAS
We now make use of the previous results to describe
experimentally relevant situations where the Bose gas is
trapped in all directions but with an aspect ratio that
makes it resembles a cigar. To do so, we make use of the
LDA in a harmonic trap of the form U(z) = 12mω
2
zz
2 with
the proper density profile which depends on the interac-
tion and confinement regimes. We start with a weakly
interacting Bose gas that is described by the effective 1D
equation (1) and then discuss already known results in
the strongly correlated regime. Then we compare our
results with a 3D calculation in the BEC regime.
A. Weakly interacting Bose gas
In this regime we use the following expression for the
atomic density n1(z) [16]
n1(z) =
1
4a
(
λZ
a⊥
)2 [
1−
( z
Z
)2]
+
1
16a
(
λZ
a⊥
)4 [
1−
( z
Z
)2]2
,
(18)
where λ = ωz/ω⊥ is the aspect ratio of the trap, and Z
is the axial Thomas-Fermi radius obtained from the nor-
malization condition
∫ Z
−Z n1(z)dz = N so that it satisfies
the equation:
1
15
(
λZ
a⊥
)5
+
1
3
(
λZ
a⊥
)3
=
λNa
a⊥
≡ χ1. (19)
A good approximation for Z (with a residual error
smaller than 0.75%) is given by [28]
λZ
a⊥
'
(
1
(15χ1)4/5 +
1
3
+
1
57χ1 + 345
+
1
(3χ1)4/3
)−1/4
.
(20)
Then, integrating Eq. (8) over this profile yields a Tan’s
contact Icig equal to
Icig =
{
λZ
√
λ2Z2 + 2a2⊥
(
2λ6Z6 + 14a2⊥Z
4λ4 + 5a4⊥λ
2Z2 − 15a6⊥
)
+30a8⊥ artanh
(
λZ√
λ2Z2 + 2a2⊥
)}
1
30a8⊥λ (λ2Z2 + 2a
2
⊥)
3/2
.
(21)
Together with Eq. (8), this formula constitutes the cen-
tral result of this paper. Note that the validity of the
LDA is guaranteed when Z  az, where az =
√
~/mωz
is the transverse harmonic oscillator length.
As in the previous section, we can consider the limiting
cases of the TTF regime and the MF regime. Here, the
correct parameter governing the transition is χ1 [21]. If
χ1  1, one enters the TTF regime, where
ITTFcig =
aN
a4⊥
, (22)
which is very similar to the homogeneous result (9). In
the opposite MF regime χ1  1 we get
IMFcig =
4(3λ)
2
3
5a
14
3
⊥
a
5
3N
5
3 . (23)
As in the homogeneous case of Eq. (13), this formula
is in agreement with the result obtained from the LDA
performed on weak coupling Lieb-Liniger expansion of
the contact density [13, 24]. Expressions (21), (22) and
(23) for Tan’s contact are plotted in Fig. 2.
5Regime TTF TTF → MF MF MF → SI SI
Parameters χ1  1 χ1 ' 1 χ1  1 and ξ1  1 ξ1 ' 1 ξ1  1
n1(z) ∝ (1− z2/Z2)2 Eq. (18) ∝ (1− z2/Z2) * ∝ (1− z2/Z2)1/2
C an1
a4⊥
Eq. (8)
4a2n21
a4⊥
* 4pi2n41
(
1
3
+ 3a1Dn1
)
I aN
a4⊥
Eq. (21) 4(3λ)
2
3
5
a
− 14
3
⊥ a
5
3N
5
3 * Eq. (24)
TABLE I. Summary of the results for the contact density C and the integrated contact I in the different regimes, with the
associated density profiles and the parameters governing the transition in the cigar-shaped dilute Bose gas. The transition
parameters are given by χ1 = Nλa/a⊥ and ξ1 = Nλa2⊥/a
2. The asterisk (*) indicates that there is no analytical formula in
the literature, and that one should solve numerically the Bethe Ansatz equations of the Lieb-Liniger model.
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FIG. 2. (Color online.) Tan’s contact Icig in units of a−3⊥
as a function of a/a⊥. The black curve represents the to-
tal contact from Eq. (21), while the dashed red and dot-
dashed orange curves are IMFcig and ITTFcig from Eqs (23)
and (22), respectively. The vertical gray line verifies χ1 =
Nλa/a⊥ = 1 and represents the transition from the MF to
the TTF regime. The set of parameters used in these plots is
(N = 1000, λ = 0.1).
B. Strongly interacting gas
Again, for the sake of completeness we now discuss the
SI regime in the strictly one-dimensional situation. The
relevant parameter that describes the transition between
the mean-field and the strongly correlated regimes is now
given by ξ1 ≡ Na21D/a2z = Nλa2⊥/a2 [21, 29, 30]. In the
SI regime ξ1  1, the density profile is well described
by the Tonks (fermionic) one given by nTonks1 (z) =√
2Nλ
pia⊥
√
1− z2
ZTonks2
with ZTonks =
√
2N
λ a⊥. In order to
obtain the Tan’s contact, finite g corrections are included
in the density profiles by consistently solving Lieb-Liniger
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FIG. 3. (Color online.) Tan’s contact Icig (black line) in units
of a−3⊥ as a function of the number of bosons N . The thick ver-
tical cyan line represents ξ1 = Nλa
2
⊥/a
2 = 1 and corresponds
to the transition from the strongly interacting regime to the
mean-field regime. The left part is plotted using Eq. (24), the
right part using Eq. (21). Note that there is a small shift at
the transition, which is due to corrections to Eq. (24) at inter-
mediate values of a (which are not known analytically). The
vertical gray line corresponds to the transition from the MF
regime to the TTF regime at χ1 = Nλa/a⊥ = 1. The set of
parameters used in these plots is (λ = 0.0005, a/a⊥ = 0.05).
equations [4, 24]. This yields
ISI1D =
N
5
2λ
3
2
a3⊥
[
256
√
2
45pi2
+
a1D
√
Nλ
a⊥
(
70
9pi2
− 8192
81pi4
)]
.
(24)
The transition from the SI regime to the MF and TTF
regimes is plotted for the contact as a function of the
number of bosons in Fig. 3. At a low number of particles,
the system is in the SI regime and the contact is given by
Eq. (24). When N is increased the system enters the MF
regime (thick vertical green line) when ξ1 = Nλa
2
⊥/a
2 =
1 and the contact is accurately described by Eq. (23).
Upon further increasing N , when χ1 = Nλa/a⊥ ≥ 1
(vertical cyan line), the system is essentially 3D and the
6contact is given by Eq. (22).
The different regimes and associated contacts are sum-
marized in Table I.
C. Comparison with the 3D contact
It is important to note that, until now, we have
considered one-dimensional contacts (homogeneous to
[length−3]), in order to compare our results with strictly
1D results provided by Lieb-Liniger theory. Since ul-
tracold experiments are done in a 3D world, it is natu-
ral to ask how these quantities are related to the three-
dimensional contacts (homogeneous to [length−1]). In
the quasi-1D case, which corresponds in our system to
the MF and SI regimes, it has been shown that it is suf-
ficient to multiply the 1D contact by a geometric factor
of the type pid2, where d is the transverse radius of the
cigar (and is equal to a⊥ in the quasi-1D regime) [7, 8]:
I3D = pid2I1D. (25)
Interestingly, although the system is highly non-
homogeneous in the transverse direction, Eq. (25) shows
that everything behaves as if it were a cylinder of radius
d with a constant 1D-contact (or contact lineic density)
in the radial direction.
In the TTF regime however, as there are many
transverse states, we expect that the transverse non-
uniformities will no longer be negligible when comparing
the 3D and 1D contacts. In this paragraph we compare
Eq. (22) with the 3D contact in a 3D dilute Bose gas
obtained in [6]. In this case the Bogoliubov approach
yields
C3D = m
4c43D
~4
, (26)
where c3D is the 3D velocity of sound. Supposing that the
Thomas-Fermi regime is reached in the three directions,
we integrate Eq. (26) in the LDA using
c23D =
4pi~2an0
m2
(
1− x
2
R2x
− y
2
R2y
− z
2
R2z
)
, (27)
where Ri is the Thomas-Fermi radius along direction i
and n0 is the density at the center of the trap. This
leads to
I3D = 64pi
2
7
a2Nn0. (28)
Using the expression of n0 in a cigar-shaped dilute Bose
gas [31] one gets
I3D = 8pi
7
aN
a2⊥
(
15λNa
a⊥
) 2
5
. (29)
If we consider R⊥ = Rx = Ry = 2a⊥(an1(0))1/4 [11], we
find
I3D = 8
7
piR2⊥
aN
a4⊥
. (30)
The quantity S = 87piR
2
⊥ is a purely geometrical factor
equal to the cross section in the center of the trap up
to a numerical factor 8/7 which is due to the high non-
uniformity of the system. Thus, we have found:
I3D = SITTFcig . (31)
This formula has the same form as Eq. (25) and consti-
tutes its generalization in the TTF regime.
IV. CONCLUSIONS
In this work we have studied the weight of the tail
of the momentum distribution, Tan’s contact, for a zero
temperature dilute Bose gas trapped in a cigar-shaped
potential. We have derived an analytical expression that
describes the whole crossover from the 3D Thomas-Fermi
regime to the 1D mean-field regime, which corresponds to
a progressively decreasing number of transverse excited
states. In the latter case, our formula is in perfect agree-
ment with strictly 1D results derived using Lieb-Liniger
theory. In the 3D regime, we have compared this 1D
contact with the 3D contact obtained by LDA in the Bo-
goliubov approach, and have shown that these are related
by a geometric factor.
Our expression for Tan’s contact is expressed in terms
of controllable experimental parameters such as the as-
pect ratio of the trap, the scattering length and the num-
ber of trapped bosons. It displays very distinct depen-
dences on these parameters in the 3D and 1D regimes.
In this sense, Tan’s contact could be a useful experimen-
tal observable characterizing the dimensional regime of
the system. Moreover, this work provides corrections to
strictly 1D results, and, thus, can be a guide for actual
experiments devoted to Tan’s contact measurements.
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